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Abstract, Phase transitions in a two-dimensional g-state Pott’s model with fong-range disorder
in which the correlation decays as a power law ~ r~7 for separation r are studied analytically
within a Migdal-Kadanoff renormalization group. Correlation terms are introduced into the
parameter space of the renormalization group and the recursion relations are derived. 'We expand
g near go, where the specific-heat exponent of the pure system of, vanishes, and g near d = 2.
For small ¢ and § = 2 — a « 1, we find three fixed points: ‘pure’, ‘short-range disorder’ and
‘long-range disorder’. In our calcnlation the disorder is relevant if sy —2 < 0 fora < 4, where
the v are the correlation-length exponents of the fixed points. The correlation-fength exponent
for the “long-range disorder” fixed point is Lygne = 2/a. These are consistent with field-theoretic
renormalization group results,

1. Introduction

Phase transitions in systems with long-range disorder have been a subject of experimental
and thearetical interest over the past decade [1-3]. A simple but useful method for studying
the critical properties of disordered systems is the Migdal-Kadanoff renormalization-group
approach [4-6]. A lot of work has been undertaken to study disordered systems within the
Migdal-Kadanoff approach [3,7,8]. The simplest models of disordered systems are defined
by the probability distribution of nearest-neighbour interactions. Using the Migdal-Kadanoff
method one can write the equation for renormalizing this probability distribution. Though
it is an inherently uncontrolled approximation, it often yields qualitative insights and can
be directly applied to the physical dimensions. Derrida and Gardner [8] have analytically
studied the Potts model on a diamond hierachical lattice with random interactions by weak-
disorder expansion. In fact, in their consideration the disorder is shori-ranged. Extending
their approach to the long-range disorder case we studied the critical phenomena of the
random-Potts model on a two-dimensional lattice,

We are concerned with Pott’s model on a two-dimensional lattice where the random
nearest-neighbour interactions are distributed according to a given probability distribution
and the correlation of the interactions falls off with distance as a power law ~ r~7%.
Correlation terms are introduced as the probability distribution is renormalized. The
recursion relations of the correlation terms and the moments of the probability distribution
are derived. For a small specific-heat exponent of the pure system ¢, and § = 2 —a,
we calculate analytically the fixed points and their exponents in powers of op and 8. The
relevance of the disorder is consistent with the extended Harris criterion [9].

In section 1, we introduce the model. We derive the recursion relations of the moments
and the correlation terms of the probability distribution in section 2. In section 3, we
calculate the fixed points for small & and 8.
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Figure 1. The diamond lattice is constructed recursively. One starts with one bond (@). To go
from (2) to (b) one must replace this bond by a set of four bonds, To go from (&) to (c) one
must replace each bond in (b) by a set of four bonds, and so on. The arder in renormalization
transformation is inverted: (a) next generation; (b) present generation; (¢} last peneration.

2. Definition of the model

The Hamiltonian of the g-state Potts model on a two-dimensional square lattice with long-
range-correlated nearest-neighbour interactions is

== Jijbas ()
{4}

where the spins o; can take g different values and the sum runs over all pairs of nearest
neighbours. The interactions J; ; are distributed according to a given probability distribution
and are long-range correlated in space. It is convenient to work with a variable K on each
bond defined as

K =¢fl, 2)

Accordingly, the variable K is distributed randomly and correlated in space. In our
consideration, the correlation of the variable K decays as a power law with the distance

SK(ri)dK(ry) ~ |ry — 2™ &)

where @ > 0 and 8K (r;) = K{r1) — K (r) and — represents the average of *...” over the
space.

Migdal’s recurrence relation on a d-dimensional lattice may be derived by dividing the
system into hypercubes of % spins, moving all the bonds onto the edge of the hypercubes
and then decimating all except ¢he corner spins [6]. A hypercube may be called a cell. After
renormalization the lattice retains the geometrical symmetry and the cell’s size is extended
b times. By rescaling, the cell’s size can be taken to be of unit length.

The Migdal-Kadanofi approach is equivalent to an exact decimation on a hierachical
lattice [10]. The decimation on a diamond hierachical iattice, which is often used to study
disordered systems, is shown in figure 1. From the present generation to the next, each set of
four bonds K, K3, K3, K4 can be replaced by one single bond X’ and the renormalization
transformation is [8]

K’=({Kf})=( K1K2+q+l )( K3K4+Q'-1 )

4
K+ K +qg-2 Ki+Katg—2 )
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After a decimation, the probability distribution P(K”) for the next generation can be
deduced from P(KX) at the present generation

4
P = [ []4K: PARMSK - RUK:I) (s)
i=1

where P({K;}) is the united distribution since the bonds {K;} are cormrelated. The united
distribution of any two bonds K’ at the next generation is

2 4
P(K';, K"} = f PURL (RPDSK' - RUKMSE > — RAKPM T[] ak?

j=1i=1

(6)

where the superscript ‘j’ labels the jth cell at the present generation. One can study the
critical behaviour of disordered systems according to transformations (4)-6).

Here we give some results for a pure system [8] which will be used in the following.
For a given value of g, the critical point is

Kc2+q—1)2

Ke = R(Ke) = (m
[+

7

which turns out to be g = («/ K. — D(K: — 1) and the specific-heat exponent is given by

_ log4d

=2 R ®

The value of g when o vanishes is go =4 + 24/2.

3. Recursion relations

We studied the renormalization transformations (5) and (6), by considering a narrow
distribution concentrated around the fixed point K. By writing

E=K . +¢ E' =K. +¢ (9

one can expand ¢’ in powers of & using formula (4). We have expanded &’ up to the fourth
power and the result is

¢ =4A/K.e; — 4ABK g} + 2BVK, — 4AB\/K, +4A%)s;8;
+(12AB>/K. — 4B® — 8A*B)zie? + 4AB*/K &} + (4AB — 8A B)eig;5,
+ (4B /K. — 12AB /K, + 4A*BYele? — (12AB° — 3247 B)e;5;6]
+ (4B%/K, ~ 16AB>/K; + 8A*BY)e;e} + (B* — 4AB* + 442 B g5 548
—4AB° /K 6] (10)
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where A, B are given by

A=yVESWE A1 B=1/[(Kc = (VK + 1]

and i, j, k,1=1,2,3,4 and i ¢ j 5= k # . These subscripts label the different bonds in a
cell rather than summation. The repeat times are taken into account in the coefficients. The
powers of &, such as £, £, ..., can also be expanded in powers of g;. We do not give
these expressions explicitly here because they are rather long and complicated and can be
obtained directly.

The moments of the probability P(K') are obtained by averaging the powers of ¢,
where one finds multibody terms such as Fg;, 5z,£¢. Writing

g =E+8¢g (an
one has
Tig; = E° — 3¢,08;. (12)

We need to treat the correlation terms between bonds in a cell such as §g;3¢;.
One can see that on the original laitice the correlation of ; takes the same form as
in (3}

de(r1)be(ry) ~ Iry — ™% (13)
Since the separations between bonds in a cell are about a cell’s size, we define a variable
A = Se(rdde(ra) {r; — ry = a cell’s size) (14)

at each generation. In fact A; is the coefficient of the right-hand side of equation (13) as
the cell's size is scaled to be a unit length. Thus we have 8g;8g; = A, in equation (12).
Similarly, we can define other correlation terms with high powers of &. In our calculation
we use (wo other variables Ay and Aj defined by

Ay = Se(r)8e2(ry) Aq = 8e(r)ds*(rq) (r; — v, = a cell’s size). (15

The average of the multibond terms, such as £/, can be treated according to
definition (11) and the approximation that the distances between bonds in a cell are the
same and equal to one, that is £Z8 = B+ 3EA; + 8ei8g;de;. The last term will be
discussed in the following.

Now the parameter space is extended in comparison with the short range case [8]. In
order to obtain the recursion relations for the correlation terms, we consider the correlation
of &' after a step of renormalization at two different positions v and

B (r)3e(ra) = E1(rN)E(r) — & -
Substituting equation (4) into this equation yields
557(r)3e (ry) = 16A” K38 (r)3e(rs) — 3247 BK cde(r)osi(ra)
+ 8AV K (2B K. — 4ABVK. + 4AM8e: (r1)e; (r))18e(ry)
+ 2BYK, — 4ABK, + 448 (r)e; (rBlexrDaral + - (16)
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where we have included only some typical terms which need to be discussed.

On the original lattice the correlation of £ decays as a power law with the separation. It
is expected that the correlation of &' after renormalization retains the same decaying form.
From the definition of A; and equation (13) one can see that the first term on the right-hand
side of equation (16) is

Se(r8e(ry) = — 2L (17
[ry — 7|0
The third and fourth terms on the right-hand side of equation (16) are
2EA
5Te: (g (P 0e(rs) = ———— 4 55, (982, (r1)8e(r) (18)
(T — 72}
452A, _
Slei (ry)ej (r)Blen(ra)e(re)] = ————— + 488 (r1)dg; (r1)ex (2}
(ri—m)°
— Al 3g;(r)og; ()86 (r2)88, (7). (19)

For a general Gaussian distribution, which can describe random variables in many
natural systems, the average of multi-variables such as &g;(r)dg;(r)de(r;) and
8e:(r1)de;j(r1)6erx{rz)de;(r2) can be obtained from Wick’s theorem [11]. All such terms
with an odd number of factors are zero and those with an even number are given by the
sum of the products of all possible pairs. In our case

dgi(T1)de;(r1)de(ry) = 8e;(r1)de;(r1)der (r) =0 20

8gi(r1)8g;(r1)deg (12} () = d&i ()85 (1) Beg(ra)der(r)
+ e (r1)dex(r2)ée;(r1)de1(r2) + &:(71)d8:(T2)8€; (1) 884 (T2)

__Af
(ry — )%
As can be seen from the right-hand side of equation (19), some terms retain the decaying
form r~“ and some do not. Although this is a bit disturbing, it can be overcome. We
neglect the terms with higher-decaying exponents such as »~2¢ in equation (21) because it
falls off faster than r~¢. The first term in equation (21) is cancelled in equation (19)

According to definition (14), A} is equal to the correlation of two bonds XK' with a
separation of a cell’s size at the next generation, therefore, we can obtain A} by letting
|r1 =~ 73] = & = 2 in equation (16) where we think that the distances between bonds in
two neighbouring cells are approximately the same and equal to b = 2. Although the
approximation is rough, it is plausible since critical properties do not depend on fluctuation
over small scales. We expect that it can keep important information about the critical
problem. Thus we have

=Aal+2 (21)

A= i{lGAchA; — 32A°BK Ay + 16A/K 2B/ K. —4AB K, + 4AYEA,
2a

+4(2B/K. — 4ABVK, + 4ADE A + -+ ). (22)

Now, all the terms in the recursion relations are well defined and can be obtained directly.

In order to get a truncation of the recursion relations, one can multiply each cumulant
and correlation term by some power of a small number A and retain terms of a given order
at each step in the calculation. Of course, the truncation scheme should be self-consistent.
We refer the reader to [8] for a more detailed discussion of the truncation scheme.
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4. Fixed points for small o, and §

In [8], the authors consider the cases for small o, and study the relevance of the disorder.
The sign of the specific-heat exponent of a pure system o, determines the stability of the
pure fixed point. Weinrib and Halperin [9] have studied a long-range disordered model
using scaling arguments and 2 field-theoretic renormalization group. They showed that for
a < d, the long-range disorder will lead to a new requirement for the stability of the pure
fixed point. Therefore, we study the relevance of the disorder in our model for small o
and @ near d = 2.

For a value of ¢ which is close to go = 4 + 22, i.e. ¢ — go < 1, the specific-heat
exponent of the pure system o, and K.(g) satisfy (see equations (7) and (8))

K.(g) — Kelqo) = 310+ 7v2)ap In2. (23)

For a near 2, one can introduce a small nember § =2 —a.

We consider the cases ap ~ & ~ A, where A is a small number. For small o and § we
find three fixed points for which the cumufants are in powers of &p and 5. We calculate
the fixed points and their exponents to the Ath order. A self-consistent truncation of the
recursion relations is given by

& = (2+ ¢ In2F + 1 (4 — 3vDeZ + (6 4+ 4v2)F* + (6 +4v2) A + 1(113 — 80v2)ze?
+ 5734 = 51927 + (17 - 12428 + (140 — 9VD)e* (24)

6% = (1 + op In2)6% + 387 + 34, + §(36 — 25V/2)7¢?

+ (379 — 268v/2)e2 + 14 — 3v/2)87 + L(51 — 36v/2)&? (25)
e? = 3762 + L(108 ~ 75v2)e? + L&+ L(12 - 9vDye? 26)
o =35 + 15t @n

AL =114 (g +8)In2]A; + 14 ~3V2) Az + (12 - 8v/2)FA,

+ 1(113 — 80v2)eZA; + 117 — 12v2) A5 + 1 A (28)
Al =LA+ 34 + 1(36 — 25v2)e2A1 + 14 - 3V2)Ay + op] 29)
Ay =183+ 362A; + c3A (30)

where ¢y, ¢3, €3 are constants. In order to solve the long-range-disorder fixed point the terms
of A} are needed; however, their coefficients are not important in our calculation. The fixed
points are obtained by letting £ = &7 and A = A;. We find three fixed points: ‘pure’,
‘short-range disorder’ and ‘long-range disorder’. The ‘pure’ fixed peint is

=0 A=0 31
The ‘short-range disorder’ fixed-point is
T=14+31v2)0In2 &2 = 1(362+256v2)e, In2

&% ~ g3 ~ 0D A =0 (32)
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and the ‘long-range disorder’ fixed-point is
F= L1047V )2 2= (@41 4+29v2)(3 + o) In2
3 gt~ A~ 00D, (33)

Taking £® and A; as the components of a vector {v;}, the exponents of the fixed points can
be obtained from the eigenvalues of the matrix whose elements are

My =— (34)

where v* is the position of the fixed point. The three maximum eigenvalues of each fixed
point are given in table 1.

Table 1. The three maximum eigenvalues of the fixed points.

Fixed points A An A3

Pure 24+ apIn2 l4a,In2 1+(2y + 8)In2

Short 2+ 2/l — 24Dy 1—epin2 14 [5 4 4 (1 ~2+/2)ap)In2
Long 262 1-12 - VDa, + 3~ ~2)81In2 |

The exponents of a fixed point are given by

_ In2

Ui—ﬂ'.

(35)

The correlation-length exponent for a fixed point is the maximal exponent. If any exponents
of a fixed point, except the thermal one, are negative they will control the critical behaviour.
We call it a stable fixed point. A summary of the regions where the various types of critical
behaviour occur, for small o, and §, is given in figure 2.

%
Short /avshw,-ho
-
4
vpyre-2=0 l I

\J Long Figure 2. Regions in the -, plane where various

types of critical behaviour occurs, Here § = 2 — ¢

Pure and p is the specific heat exponent of the pure system.

The crossover occurs when av — 2 becomes negative,

where v is the correlation-length exponent, Vpure, Vshor

BVpure-2=0 respectively,
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From table 1, one can see that there exists a crossover from the ‘pure’ fixed point to
the *short-range disorder’ fixed point when o > 0 and the crossover exponent is o,. We
recover Derrida’s results for the short-range disorder case [8], For 4 > 0, the ‘pure’ fixed
point is unstable when

ap+8=02MWue)—a>0 (36)
and the ‘long-range disorder’ fixed point is unstable when

8+ (1 = 2v Dty = (2/Vypon) —a > 0 : 37
to the order A. That is, for a < d, the long-range disorder is irrelevant if

ar—2>0 (38)

where v is the correlation-length exponent of the fixed points ‘pure’ and ‘short-range
disorder’. For o, + 48 > 0, the “long-range disorder’ fixed point is physically and marginally
stable (note A; = 1 for the long-range-disorder fixed point in our calculation). Its correlation-
length exponent is

In2 2 :
=— e = = A2]. 39
Vere = 0 3% & T O] 39)

This is consistent with scaling arguments and field-theoretic resulits [9].
Since the Migdal-Kadanoff approach can be applied to the physical dimension, it would
be interesting to use the model described in this paper to study the three-dimensional case.
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